Abstract. This note presents a condition sufficient for the nonexistence of invariant curves of certain mappings defined in the cylinder. The result is applied to a concrete case to obtain a counterexample to certain tentative extensions of the small twist theorem.
Introduction and result
Let C = S 1 × R be the cylinder with coordinates (θ, z), where θ ∈ S 1 = R/2π Z, z ∈ R. For each > 0 let f : C → C be a homeomorphism that can be expressed in the form θ 1 = θ + z + F (θ, z; ),
where F, G : C × [0, ∞) → R are continuous functions. Let {a < z < b} denote a bounded region of the cylinder, where a < b are given. We say that f has an invariant curve in {a < z < b} if there exists a curve of the kind
with ψ ∈ C(S 1 ), a < ψ(θ) < b ∀θ ∈ S 1 and such that f ( ) = . The existence of invariant curves of (1) when is small was proved by Moser [4] assuming that f was smooth and had the intersection property and that F, G were small in an appropriate norm. This result is the so-called 'small twist theorem'. Related results on the existence of invariant curves were also obtained in [1, 7] . In a recent paper [5] (see also [2, 6] ), Pustyl'nikov has stated a version of the small twist theorem that only imposes certain restrictions on F and does not require the smallness of G. In this note we obtain a condition sufficient for the nonexistence of invariant curves of (1) as → 0 that shows that the results stated in [5] are incorrect.
To state the nonexistence result, we associate the following differential equation to the family {f } >0 ,
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It is assumed that the initial value problem for (2) has a unique solution and so this equation defines a continuous dynamical system on C.
Theorem 1.1. Let a, b be given constants with a < b and assume that there exists an orbit of (2) , denoted by γ , such that
Then there exists 0 such that if 0 < < 0 , the mapping f does not have invariant curves in {a < z < b}.
As an application of the theorem, let us consider the mapping
It is well known that this mapping is an analytic diffeomorphism of C that is symplectic with respect to dθ ∧ dz and has the intersection property. Equation (2) now becomes the pendulum equation
and using the conservation of energy of this equation it is not difficult to show that there exists an orbit satisfying the condition of the theorem if and only if the condition below holds
In consequence we have shown that (3) does not have invariant curves in the region {a < z < b} when (4) holds and is small. This is a counterexample to theorem 1 in [5] . (See also theorem 1 of part 2 in [6] and remark 4.1 in [2] .) It is interesting to notice that it is possible to find invariant curves of (3) for small if we are not confined to a bounded region. In fact, the rescaling ξ = z transforms (3) into
and it follows from the twist theorem in [4] that there exist many invariant curves when → 0. When is sufficiently large, the techniques of Mather in [3] can be applied to show that (3) does not have invariant curves in C that are homotopic to {z = constant}.
Proof.
It will be based on the following remark. Lemma 2.1. Assume that {(θ n , z n )} is an orbit of f such that inf z n a, sup z n b.
Then f does not have invariant curves in {a < z < b}.
Proof. By a contradiction argument, assume that z = ψ(θ ) is an invariant curve in a < z < b. The connected components of C − are A + = {(θ, z) : z > ψ(θ )} and A − = {(θ, z) : z < ψ(θ)}. Since f is a homeomorphism, we must have either f (A ± ) = A ± or f (A ± ) = A ∓ . The equations (1) define an isotopy of f with the identity and so f is orientation-preserving. This implies that A + and A − are invariant and the result follows.
Proof of the theorem. We assume that there exists a solution (θ (t), z(t)) of (2), defined in 0 t τ , and such that
The other possible cases are similar. Let {(θ n , z n )} n∈Z be the orbit of f starting at θ 0 = θ(0), z 0 = a. It satisfies the difference equation θ n+1 = θ n + z n + F (θ n , z n ; ), z n+1 = z n + G(θ n , z n ; ),
that can be seen as a finite difference method for the approximation of solutions of (2) when the step size is . Let us consider the piecewise linear functions defined in each interval n t (n + 1) by
The well known compactness argument of the proof of the Cauchy-Peano theorem together with the uniqueness of the initial value problem for (2) implies that (θ (t), z (t)) converges to (θ (t), z(t)) uniformly in t ∈ [0, τ ]. In particular z n( ) → z(τ ), where n( ) = [ τ ]. We now recall (6) and deduce that, for small , sup n 0 z n > b and the lemma can be applied to finish the proof.
